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BUCKLING STRENGTH OF PLATES 
by Zu-Iong Sun* 
INTRODUCTION 
The buckling strength of a plate with three edges simply supported and one 
edge free under uniformly distributed compression acting on two opposite sides 
simply supported has been determined by Timoshenko(S). The buckling strength 
of plates with the above boundary conditions under nonuniformly distributed 
compression has been studied by Biljaard(l) and Walker(6) and others, but in 
their works the data is not complete. At the same time there are a few 
experiments of thin-walled members dealing with this subject. 
The purpose of this paper is to show that the buckling strength for plates 
with the above boundary conditions under nonuniformly distributed compression has 
been calculated as completely as possible and the useful results have been 
obtained from a number of tests. 
We all know that it is impossible to determine the exact buckling strength o~ 
plates under the above mentioned nonuniformly distributed compression. 
Therefore, in this paper, the approximate buckling strength can be determined by 
means of the principle of the minimum of total potential energy. Because the 
boundary conditions are complex, the method of Ritz with Lagrange multipliers is 
used during the process of minimization. As a result, the chosen functions for 
the buckling surface of a plate as a whole will be made to satisfy all the 
boundary conditions. 
For the purpose of the requirements of the engineering and the convenience of 
applying the load to a specimen in the test the cold-formed thin-walled channels 
and angles are used as specimens. 
*Assoc. Prof., Jiangxi Polytechnic University, The People's Republic of China. 
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THE METHOD OF RITZ WITH LAGRANGE MULTIPLIERS 
The expression for the total potential energy of a buckled elastic plate is 
shown as follows: 
IT (1) 
where a = one-half the length of a plate buckling wave; b width of the plate; 
D = flexural rigidity; w = buckled surface; and V poisson's ratio. 
The boundary conditions on two opposite loaded edges at x = 0 and x = a which 
are considered to be simply supported edges are: 
w = 0 (2) 
(3) 
The boundary conditions along the unloaded edges are as follows: One edge 
simply supported at y = 0 
w = 0 (4) 
o 
(5) 
One edge free at y b 
a2 w a2 w 
ayL + V ax" = 0 (6) 
o (7) 
The expression for the buckled surface of a plate may be assumed as follows: 
W (8) 
It is clear that the expression (8) can satisfy the boundary conditions on 
two loaded simply supported edges at x = 0 and x = a. By choosing the ~i (y), 
the boundary conditions on simply supported edge at y = a can be satisfied too, 
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but the boundary conditions on free edge, at y = b, can not be satisfied. That 
is, the equation (6) and (7) are not satisfied. This difficulty can be overcome 
by using the method of Ritz with Lagrange multipliers. Furthermore, this method 
may make calculations simpler. 
Substituting the expression (8) into the equations (6) and (7), we obtain the 
following general relationship: 
[L] [A]T 0 (9) 
[M] [A]T 0 (10) 
where [L] = [L1 L2 L3 • ••• Ln1 (ll) 
[M] [M1 M2 M3 ••• .Mnl (12) 
[A] [AI A2 A3 ····An ] (13) 
After the equations (9) and (10) are multiplied by Lagrange multipliers Al 
and 1.2 respectively and added to the expression (1), we may obtain a modified 
expression ~ * for the total potential energy of an elastic plate as follows: 
where 
[Wl= 
~*= ~+AI[Ll [AlT+A2 [Ml [Al T 
~=[AJ [Wl [AlT 
Wll Wl2 Wl3 WIn -r 
, 









expression (14) of the total potential energy is differentiated with respect to 
each Ai and the resulting expressions are equal to zero. The result is as 
follows; n a~* 
~= 2 l: WliAi-+AILj + A2Mj 0 i=j 
a~* n 
;JA2 
2 I W2iAi H jL2 + "2M2 0 i=l 
The above linear simultaneous equations for Ai can be expressed in the 
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matrix form as follows: 
(17) 
and differentiated with respect to Al and A2 • The result is as follows: 
an* _ [L][A]T = 0 (18) 
aA} -
a7T* [M] [A]T = 
aA2 = 0 
(19) 
Equations (18) and (19) are identified with equations (9) and (10). The 
equation (17) contains a system of n linear equations. Thus, the above summation 
of equations (17), (18) and (19) results in a system of n + 2 homogeheous linear 
equations, in which the unknown numbers Ai (i = 1,2,3 ••• n) and AI' A2 have 
the same quantity as equations we get above. 
After the equation (17) is premultiplied by [W]:l we obtain the following 
equation: 
(20) 
Substituting the equation (20) into equations (18) and (19) respectively, we 
obtain as follows: 
A1[L] [W]-1 [L]T + A2 [L] [W]-1 [M]T= 0 
Al [M] [Wr1 [L]T + A2 [M] [Wr1 [Ml = 0 
BecauseA1 andA2 can not equal zero, only the determinant of its 
coefficients are equal to zero, i.e.: 





[M][W]-l [M] T 




We use just the above derived expression (23) to calculate the approximately 
bucklihg strength of plates. 
ANALYSIS OF THEORETICAL RESULTS 
For the plate, as shown in Fig. 1, an approximate solution is considered by 
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assuming the buckled surface in the form as follows: 
¢i(Y)=O, i ~ 2, 3, 4 ... n. 
thus 
w 
where Al is a parameter, this form satisfies three edges simply supported and 
the geometric conditions along the free edge, but does not satisfy the 
expressions (6) and (7) of the forced boundary conditions. 
Substituting the equation (24) into the equation (1) and performing the 
integration, the buckling stress of the plates under different nonuniformly 










where t = thickness of the plate; K'(K) buckling coefficient of the plate and 
N~r(Ncr)= critical compression 
The critical compression "N~r" is applied to and parallel to the unloaded 
edge simply supported, the buckling coefficient of the plate, as shown in Fig. la 
is as follows: 
K' b /] 4 [0.425 + (~) 4-3a' 
(26) 
where a'=(N' - N' )/N' 
cr 0 cr 
N' 
o 
compression (or tension) acting on and parallel 
to the unload free edge. 
The critical compression "Ncr" is applied to and parallel to the unload 
free edge, as shown in Fig. lb, the buckling coefficient of a plate is as 




By calculating the flexural-torsional buckling strength of the single angle 
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of equal. legs under eccentric axial load acting in the symmetrical plane, the 
buckling coefficient can also be obtained as follows [2J: 
K.' = [0 425 + (1-v 2 ) (~)21 _4 __ 
• a 4-30;' (28) 
K = [0.425 + ( l-v2 ) (~)21 _4_ 
a 4-0; (29) 
The above results are obtained by assuming that junction of the angle legs 
does not have transversal deflection. 
It will be seen from contracting equations (26) and (27) to equations (28) 
and (29) that the expression (24) coincides with the assumption for the theory of 
flexural-torsional buckling of the open thin-walled section. It is noticed that 
if we take a'+ t, by means of the equation (26) or (28), the buckling coefficient 
can be obtained as follow$: K'-+co 
The result implies that the buckling of the plate does not occur and that 
when eccentric load with sufficiently large negative eccentricity, shown in Fig. 
2c and Fig. 2d, is applied to the symmetric plane of an angle of equal legs or a 
channe l, the local buckling no longer occurs on a single angle or a channel with any 
slenderness ratios. This is impossible. In order to obtain the buckling 
strength of plates with three edges simply supported and one edge free under 
various compression nonuniformly distributed the buckled surface must be assumed 
as follows: 
(30) 
After the substitution of the expression (30) in equations (9), (10) and (1) 
and after the integration of the elements of various matrices [LJ, [MJ and [wJ 
can be obtained and given in the Appendix III. The latter is substituted into 
the determinant (23). Eventually, the minimum buckling coefficients of the plate 
with three edges simply supported and one free edge under various compressions 
nonuniformly distributed may be obtained and are given in the Table 1. 
It is found in the calculating process that a good approximation of buckling 
coefficients "K" is related to the expression (30) as follows: 
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1. When 0 < a < 2.0 and a' < 1.2, in the calculation, only the expression of 
buckled surface (24) is taken, consequently, the buckling coefficients are 
obtained, that is, the expressions (26) and (27) are fairly exact. 
2. When a' > 1.2, only if the expression (30) is taken can we obtain a 
satisfactory approximate buckling coefficient given in the Table 1. It is 
interesting to note that these buckling coefficients (a' > 1.2) are identical 
with the buckling coefficient of the plate with four edges simply supported under 
the same nonuniformly distributed compression. The above results· have been 
checked by using the finite-difference method. The conclusion, as above 
mentioned, is quite correct. These results have also been confirmed from the 
buckling characteristic of a single angle in the experiment. Thus the choice of 
the expression (30) of the buckled surface is reasonable. It follows that the 
calculated buckling coefficients are reliable. 
EXPERIMENTAL INVESTIGATION 
In order to examine the above theoretically calculated results about 50 
specimens have been tested. In order to take account of the requirements on the 
practical engineering and the loaded convenience the cold-formed thin-walled 
channel and single angle are adopted as the specimens, as shown in Fig. 3. The 
overall nominal sizes of the specimens are exactly measured and are also listed 
in Table 2, 3, 4 and 5. 
Eccentric load is applied to both ends of the specimens welded by end plates 
shown in Fig. 4. The eccentric axial load acting in the symmetric plane of the 
channel and angle makes the flanges (or legs) of a channel (or single angle) 
produce nonuniformly distributed compression. Moreover, the web-flange junction 
of the channel is considered as a simply supported edge, that coincides with the 
assumption which is made in the design. Practically, the two junctions are 
elastically restricted to each other. Experimental buckling coefficients were 
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obtained by the strain reversal method [7]. Experimental details are given in 
Ref. 4. 
The geometrical characteristics of the specimens of channels and angles, 
experimental results, buckling compressions and so on all are listed .in Tables 2, 
3, 4 and 5. 
ANALYSIS OF TEST RESULTS 
CHANNELS 
1. It is found in Tables 2 and 3 that the buckling coefficients "K" or "K'" are 
calculated according to the expressions (26) and (27). When 0 < a < 2.0 and a' < 
1.2, it can meet the requirements of the design. If a'> 1.2, the total buckling 
deformation occurs at two flanges near the web-flange junctions shown in Fig. Sa, 
but the free edge of the flanges has only a little deflection. It can be seen 
from this that the buckling characteristic is the same as the buckling deflection 
of the plate with four edges simply supported. The effect of initial 
imperfections on the buckling strength is of less importance because of the 
elastic restraints acting on web-flange junction. 
2. With the increase of the tensile stress in the web; the effect of the elastic 
restraints on the flanges decreases. On the contrary, with the increase of the 
compressive stress in the web, the effect of the elastic restraints on the 
flanges increases. Therefore, when an unstiffened channel is subjected by a 
compression with small eccentricity, its flange checked by means of the buckling 
coefficients listed in Table 1 is conservative. 
SINGLE ANGLE 
1. We have tested two specimens of which a' = 1.5, the experimental results have 
shown that the local buckling of the individual legs lead in the overall collapse 
of the angle. At the same time we may see a concave at the middle region of one 
leg near the junction of legs and a convex at the same place of the other leg, as 
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shown in Fig. 5b the deflection at the middle span of the free edge is very 
small. The buckling and deflecting characteristics as mentioned above, are 
identical with those of the plate with four edges simply supported under the same 
load. This phenomena also demonstrates that the theoretical calculation in this 
paper is correct. 
2. We also tested various eccentricities at the symmetric plane of thin-walled 
single angles of the equal legs, the flexural-torsional buck ling occurs on many 
of the angles and the buckling strength is less than the value of the theoretical 
calculation, as shown in Tables 4 and 5. 
CONCLUSION 
The buckling coefficients "K" or "K'" of the plate with three edges simply 
supported and one edge free, as shown in Table 1, can be used to calculate the 
local buckling of the flange of a unstiffened channel under nonuniformly 
distributed compression. 
When the buckling coefficients "K" or "K'" of the plate, as shown in Table 1, 
are used to calculate the local buckling strength of a leg of angles, in order to 
take account of the unfavorable effect of initial imperfections on it, the 
buckling coefficients in Table 1 should be a little smaller. 
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APPENDIX II NOTATION 









K(or K' ) 
1 
N 


















coefficient in deflection series; 
one-half the length of the buckling wave of plate; 
width of plate; 
centroid; 
flexural rigidity of plate; 
modulus of elasticity; 
width of web plate of channel; 
buckling coefficient of plate; 
length of specimen; 
critical compression; 
theoretical eccentric buckling load on specimen; 
eccentric buckling load on specimen derived from test; 
eccentric load at failure for testing specimen; 
thickness of plate; 
buckled surface of plate; 
N - N 
eccentric coefficient = ~c~r~ __ ~o_ 
N 








parameter in analysis. 
cr 
N' - N' 
cr a 
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APPENDIX III 
THE ELEMENTS OF THE VARIOUS MATRICES [L], [M] AND [W] 
Ll = -0.3112 (E.) 2 a 
L2 = 6-0.3112(E.)2 a 
L3 = L4 = LS = L6 0 
Ml = _1.7112(E.)2 a 
M2 = 6-S.l1T2(E.)2 a 
M3 = 11 3[1+1. 7(E.)2] a 
M4 = -211 3 [4+1. 7 (E.) 2] a 
MS = 311 3[9+1.7(E.)2] a 
M6 = -411 3[16+1.7(E.)2] a 
a 11 D 1 b 2 b 2 1 W14 = W41 = 2b(i)2{Z1I[-0.6 - Z(a) ]+ Ncr Z 211(~+A)} 
W W = ~(~)2{¥311[0.3+ !(~)2]-Ncr E.2 -l [~+A(l- ~)]} 15 = SI 2b a L. 9 a 2 311 911L 
a 11 D 1 b 2 b2 1 
W16 = W61 = 2b(a)2{Z411[-0.3 - T6(a) ]+Ncr Z 411(~+A)} 
a 11 2 D a 2 9 1 1Ib 2 b2 ~ A 
W22 = 2b Ca ) {Z[12(1Ib) + 5 + 7(-a) ]-Ncr Z (7 + s)} 
a 11 2 D b2 6 a b 2 b2 1 6 12 48 
W23 = W32 = 2b (a) {Z[1I(o.3+ a2)- ; (b + a) ]-Ncr z- TI[~(l- TI7) +A (1- TI7 + ~)]} 
a 11 2 D 3 2a b 2 b2 b2 1 3 3 
W24 = W42 = 2b (a) {z TI (~+ 2a) -211(0.3 + 4a2)] + Ncr Z 211 [~(1- Z;Z)+A(l- TI7)]} 
a 11 2 D b 2 2 3a b 2 
W2S = WS2 = 2b (a) {z [311(0.3 + 9a 2 ) - 1f (b+ 3) ] 
b2 1 2 4 16 
-Ncr z- 311 [~(1 - 31f2" ) + A (1- 31f2" + 27114)]} 
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a 11 2 D 3 4a b 2 b 2 
= W62 = 2b (a:) {2"[211 (b+ 4a) - 411 (0.3 + 16a2) 1 
b 2 1 3 3 
+ Ncr 2" 411 [~(1 - srrz ) + A(l - ~)l} 
a 11 2 {D 112 a b 2 b2 1 A 
W33 = 2b (a:) 2" 2" (j) + a:) -Ncr 2" 2" (~ + 2)} 
W36 = W63 
a W44 = 2b 
a 11 2 b2 4 2 
= 2b (a:) Ncr 2" A (1511) 
2 D 2 (~+ !2/ b2 (~) {- ~ 
-Ncr 2 a 2 2 b a 
b 2 24 
Ncr 2 A 25112 
W46 = W64 = 0 
1 (~ + ~)} 2" 
W55 = ~b (~) 2 {% f (9: + ~) 2 -Ncr %2 ~ (~ + ~)} 
a 11 2 b2 48 
W56 = W65 = 2b (a:) Ncr 2" A 49112 
a (~)2{Q ~2(16a + ~)2 b2 1 ( A)} W66 = 2b a 2 2 b a -Ncr 2 2" ~ + 2 
Notes: ~ and A = parameters in analysis. 
1. For determining buckling coefficients K, ~ I-a and A = a. 
2. For determining buckling coefficients K',~ 1 and A -a'. 
265 
266 EIGHTH SPECIALTY CONFERENCE 
TABLE 1 
Buckling Coefficients Determined According To Eg. (23) 
alb 10 100 1000 
0.0 1.425 0.435 0.425 0.425 
0.4 1.583 0.483 0.472 0.472 
a K 
1.0 1.9 0.58 0.567 0.567 
2.0 2.85 0.87 0.85 0.85 
0.0 1.425 0.435 0.425 0.425 
, 0.4 2.036 0.620 0.607 0.607 
a K' 
1.0 4.80 (5.70) 1. 74 1. 70 1. 70 
1.2 7.30 (14.25) 4.31 4.251 4.25 
alb 0.35 0.4 0.6 0.667 0.8 1.0 1.3 1.5 
1. 33 10.8 10.5 10.1 9.7 9.4 9.4 
, 1.6 , 15.2 15.1 15.0 15.3 15.9 
a K 
1.8 19.7 19.2 19.3 19.6 20.3 21.9 23.0 
2.0 24.1 23.9 24.2 24.6 25.5 26.9 29.6 31.5 






















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Z Q 0 '%J "t1
 
t'"


























































































































































































































































































BUCKLING OF PLATES 
.0.. = 
a -----I-C 






Fig. 1 Plate under Nonuniformly Distributed Compression 
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a) 
y y 
b) d) I. 
• r.:===:l==::;l -ey 
I f x j 
y y 
a) and b) Positive E~centricity of Load 
c) and d) Neg"'.tive Eccentricity of Load 
I 
Fig. 2 Definition of Positive and Negative Eccentricity of Load 
Fig. 3 Cross-section of Snecimens 
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Beam of Bal"Ulced Frame 
Knife 





"-___ Electrical Resistance 
Strain Gauge 
~~-rlate Welded to Both Ends 
of Specimen 
':c:r--__ Knife 
...... ------.,..- Transducer 
___ ---- Jack 
Floor 
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Fig. 4 Experimental Setup and Instrument~tion for Specimens 
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section through 1 
b) 
2 /\ 
section throURh 2 
Fig. 5 Buckling Configuration of Specimen 
